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Abstract— An extension of the density-gradient model 

to include the non-local transport effect is presented. 
The governing equations can be derived from the first 
three moments of the Wigner distribution function with 
some approximations. A new nonlinear discretization 

scheme is applied to the model to reduce the 
discretization error. We also developed a new 
boundary condition for the Si/SiO2 interface that 
includes the electron wavefunction penetration into 
the oxide to obtain more accurate C-V characteristics. 
We report the simulation results of a 25-nm metal-

oxide-semiconductor field-effect transistor (MOSFET) 
device. 
 

Index Terms— MOSFET, Quantum effect, Simulation, 

Density-gradient model, Hydrodynamic model 
 

I. INTRODUCTION 
 

As the semiconductor device is scaled down 
aggressively, its various characteristic lengths are now 
comparable to the thermal de Broglie wavelength. The 
electrical characteristics are changed by the emerging 
quantum effect and the non-local carrier transport 
significantly. Therefore, semi -classical transport models 
such as the drift-diffusion (DD) model [1] or the 

hydrodynamic (HD) model [2] need some modification 
to include the quantum effect in the simulation of the 
recent nano-scale devices. There exist quantum transport 
models that directly calculate the non-equilibrium Green 
function or the Wigner distribution function and obtain 
the device characteristics from these functions [3], [4].  
But such rigorous quantum transport models cannot be 

applied to the rather complex multi-dimensional device 
structure easily. To find out numerically tractable models 
that can overcome the limits of the semi-classical models, 
various quantum corrected transport models have been 
proposed and applied [5]-[16]. Among them, the density-

gradient (DG) model extends the DD model by including 
an effective quantum potential in the drift term and it has 
become one of the successful models  that can simulate 
the quantum effect [6], [7], [12]-[16]. But the DG model 
cannot be applied to the highly non-equilibrium condition 
since it is based on the local equilibrium approximation. 

Since the inaccuracy of the DG model stems from the 
inappropriate semi-classical transport model, hydrodynamic 
extension of the DG model becomes necessary to include 
the non-local transport effect in addition to the quantum 
effect. 

In Section II, we extend the density-gradient model by 
including higher order moments of the Wigner distribution 

function and explain the approximations used in the 
derivation. We also explain the boundary conditions and 
related physical parameters of the model in detail.  In 
Section III, we present a new nonlinear discretization 
scheme that can be used in the unstructured grid. In 
Secion IV, simulation results of a 25-nm NMOSFET 
device will be presented followed by conclusions in 

Section V. 
 

II. BASIC MODELS 
 
A. Derivation 
For simplicity, we will derive the equations for electrons 

only since the equations for holes can be derived 
similarly. The Wigner distribution function is defined as 

[5] 
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is the density matrix and i labels a complete set of 

states and pi are real-valued probabilities for the system 
to be in the ith state. From the time evolution of the states, 
the equation of motion for the Wigner distribution 
function can be written as [4] 
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where V = -qψ denotes the spatially varying potential 

energy (ψ is the electrostatic potential). Note that ∇k 

operates only on f and ∇r operates only on V. The 
quantum hydrodynamic (QHD) equations can be derived 
from the moment expansion of (3). The expansion of the 

equation involves integration of powers of moments (1, k, 
k2) against f to obtain conservation laws for the particle, 
momentum, and energy density. If we assume the steady-
state, the isotropic and parabolic band structure, and that 
the collision term can be approximated by various 
relaxation t imes, the resulting conservation equations can 
be written as [10] 
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where m* denotes the effective mass, n is the electron 

density, τp and τw are the momentum and the energy 
relaxation times, 
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is  the i-th component of the carrier flux,   
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is the temperature tensor, 
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is the average energy, w0 is the average energy in 

equilibrium, and 
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is the energy flux density. In the above equation, 
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is the heat flux. Note that the forms of (4), (5), and (6)  

are identical to those of the semi-classical counterparts. 
To simplify the above equations, we first neglect the drift 
energy in the energy flux and the convection term in the 
momentum balance equation. Note that these terms are 

also neglected in the conventional HD model.  Secondly, 
we must approximate Qij, w-w0, and Tqij in terms of the 
scalar electron temperature T. The heat flux is 
approximated by the Fourier law as 
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where κ is the thermal conductivity. We can also 
assume that 
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where T0 is the lattice temperature. To approximate Tqij, 
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we apply the temperature tensor expression and the 
relation between n and V  valid at the thermal equilibrium 
as [5] 
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to obtain final expressions up to 2h  order. It is  noted 

that 4
( )F T F T O hi iqjk jkδ= +  since Fi does not contain the 

zeroth order terms with respect to 2h  by (15) and (16). 

The resulting equations for the carrier flux, energy 
balance, and energy flux can be written as 
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where µ = q τp/m* is the mobility and 
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is the effective quantum potential and 2 */(12 )b qm=h  is 

the linear gradient coefficient. Note that the quantum 
correction only appears in the drift term of the carrier 
flux. The thermal conductivity can be written as 
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using the Wiedemann-Frantz law.   
Since (14), (15), and (16) are valid only at the thermal 

equilibrium condition, the obtained equations may be 
invalid at the non-equilibrium condition. However, we 
believe that applying the equations to non-equilibrium 
conditions can be a reasonable approximation when the 
quantum mechanical tunneling is not the main transport 

mechanism. Therefore, our model is useful when the 
quantum effect is significant in the perpendicular 
direction to the direction of the carrier transport (e.g. 
MOSFET), while it cannot be applied to the simulation 
of the quantum mechanical devices such as the resonant 
tunneling diode. 

We solve (4), (18), and (20) self-consistently with the 
Poisson equation 
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where ε  is the electric permittivity, p is the hole 

density, and ND
+ and NA

- are the ionized donor and 
acceptor densities. Note that our hydrodynamic density-
gradient (HDG) model exactly returns to the 

conventional HD model in the classical limit  (ψq→0) and 

the DG model in thermal equilibrium (T→T0). 
 
B. Boundary Conditions 
There exist three kinds of boundaries in the simulation 

domain: electrodes, Si/SiO2 interfaces, and artificial 

boundaries with the Neumann boundary conditions for 
fluxes [1]. We only explain the boundary condition for 
(20) since the boundary conditions for the other 
equations are equal to the conventional HD model.  At the 

electrodes, the quantum potential ψq is assumed to be 

zero since these regions are usually heavy doped and the 
electron density becomes uniform.  

Special attention should be given to the Si/SiO2  
interfaces. The conventional DG model usually sets 
vanishingly small electron density at the interface by 
assuming infinite Si/SiO2 potential barrier [13]. But this 

insulating boundary condition overestimates the quantum 
confinement effect since the actual potential barrier is 
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finite and the electron wavefunction can penetrate into 
the oxide. Therefore, we present a new boundary 
condition by the following assumptions. The electron 
density penetrated into the oxide by x from the Si/SiO2 

interface can be approximated as [17] 
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where n(0) is the electron density at the interface and 
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is the characteristic penetration depth obtained from 

the WKB approximation. Here mox (0.5m0) and ΦB (3.15 
eV) are the electron effective mass and the potential 
barrier of the oxide respectively. From (23), the outward 

normal component of the b n∇  at the interface can be 

written as 
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where ( )2 */ 1 2b qmox ox=h  is the linear gradient coefficient 

for the oxide region. The value of mox
* is chosen to be 

0.22m0 to match the one-dimensional MOS capacitor 

simulation results obtained by our model and the self-

consistent Schrodinger equation solver. With this 

boundary condition, the electron density at the interface 

is not a predefined value but an unknown variable. Table  
I summarizes the boundary conditions of the governing 
equations. 

 

Table I. Boundary conditions for the governing equations. 

Electrode Interface Other 

0ψ ψ=  
2Si SiOψ ψ=  0ψ∇ ⋅ =n  

0n n=  0⋅ =F n  0⋅ =F n  

0qψ =  /ox pb n b n x⋅ ∇ = −n  0b n∇ ⋅ =n  

0T T=  0⋅ =S n  0⋅ =S n  

 
 

C. Physical Parameters 
The simulation results largely depend on the electron 

mobility and the energy relaxation time. The low field 
mobility model should be modified since the previous 

mobility models assume the classical electron 
distribution in the MOSFET inversion layer. We modified 
the Darwish model [18] to fit the universal effective 
mobility curve when the electron distribution is changed 
by the quantum effect [19]. Apart from the Darwish 
model, our model can be applied to the accumulation 
layer.  As for the temperature dependent mobility model, 

we apply the Caughey-Thomas expression with the 
effective field approach as [20] 
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where µ0 is the low field mobility, β=2, and vsat is 

assumed to be 8×106 cm/sec in the inversion layer. The 

energy relaxation time τw is set to be 0.05 psec since the 
low field mobility of the simulated device is rather small 
[21]. 

 

III. DISCRETIZATION SCHEME 
 
The governing equations are discretized by the 

conventional control volume method (CVM). In the 
CVM, the numerical error largely depends on the 
discretized flux forms in the governing equations. First, 
let us consider the discretization of F and S. Except for 

the additional quantum potential in the drift term of F, 
the functional forms of these fluxes in the model are 
identical to those in the HD model. Therefore we can 
adopt the generalized Scharfetter-Gummel (SG) scheme 
for these equations. The discretized form of F along the 
mesh line between the adjacent i-th and j-th nodes can be 

written as [2] 
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where ni, Ti, nj, and Tj are the electron density and 
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electron temperature at the i-th and j-th nodes 

respectively. Also, ∆x  = xj –  xi, ∆T = Tj - Ti, B(x) is the 

Bernoulli function, and 
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Similarly, the discretized form of S can be written as  
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To obtain the discretized form of b n∇ , the previous 

DG model applied the simple central difference scheme 
by assuming linear dependence of the n  along the 

mesh line. But this assumption is inconsistent with the 
generalized SG scheme and it may give rise to large 
numerical error near the interface and the junction 
regions where the electron density varies very rapidly. 

Therefore, we use the functional form of the electron 
density that can be obtained from the derivation of (27) 
as 
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Since this functional form is consistent with the 

generalized SG scheme and it varies exponentially near 
the interface or the junction by the weighting factor Q(x), 

it gives more accurate electron density in these cases. 
From the above expressions, the discretized form of 
b n∇  can be written as 
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and 
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( ) /2.ij i jT T T= +             (42) 

 

The obtained expression looks rather complex, but 
since all the dependant parameters are the local variables 
at the i-th and j-th nodes, it can be implemented with 
little loss of efficiency. 

If T is uniform and equal to T0, the above expression 
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where Vt = kBT/q is the thermal voltage. This 

expression can be applied to the conventional DG model. 
 

IV. SIMULATION RESULTS AND DISCUSSION 

 
We simulate a bulk NMOSFET whose effective channel 

length is 25 nm and physical oxide thickness is 1.5 nm 

[22]. The gate material is uniformly doped (5×1020 cm-3) 
n+ polysilicon and the channel doping profile is based on 
the super-halo to prevent the short-channel effect [23]. Fig. 
1 shows the doping profile of the device. From this figure, 
we can find that the source/drain junction depth is 25 nm 

and the metallurgical channel length is 22 nm. 
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Fig. 5. Comparison of the ID-VG characteristics of the MOSFET 
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Fig. 7. Electron temperature in the channel when VG  is 1.2 V 
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Fig. 8. Comparison of the average electron velocity in the 
channel between the DG and HDG models when VG and VD are 
1.2V.  
 

We first study the influence of the quantum effect on 
the gate capacitance. Fig. 2 shows the CG-VG 
characteristics of the device. The quantum effect reduces 
the gate capacitance about 20% and increases the 

effective oxide thickness about 3.2 A. The interface 

boundary condition also changes the gate capacitance. 
The penetrating boundary condition increases the gate 
capacitance slightly compared with the insulating 

boundary condition. To see the influence of the interface 
boundary condition, we plot the electron density in the 
inversion layer in Fig. 3. As a reference, we calculate the 

electron density using the self-consistent Schrodinger 

equation solver. The electron density calculated from the 

penetrating boundary condition follows the Schrodinger 
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equation solver very well,  while the insulating boundary 
condition shifts the electron density away from the 

interface about 1 A. Fig. 4 shows the electrostatic, 

quantum, and effective potentials along the 1D cut line 
through the center of the channel. The quantum potential 
smoothes the potential variation near the Si/SiO2 
interface, which prevents the electron density vary 

discontinuously at the interface. 
In Fig. 5, we compare the ID-VG characteristics 

between the HD and HDG models. As we include the 
quantum effect, the subthreshold slope (SS) and drain-
induced barrier lowering (DIBL) are increased from 93 
mV/dec to 108 mV/dec and from 99 mV to 145 mV 
respectively. Since the quantum confinement effect 

increases the effective oxide thickness, the gate electrode 
cannot control the channel charge effectively, which 
results in the degradation of the SS and DIBL. 

Fig. 6 shows the ID-VD characteristics calculated from 
the DG and HDG models. The HDG model predicts 
higher on-current up to 26%, which can be explained by 
the non-local transport effect. Fig. 7 shows the electron 

temperature in the channel when the bias conditions are 
in the linear and saturation regions. The electron 
temperature does not change appreciably until the 
channel position is about –10 nm,  which means that the 
mobility at the source side of the channel remains high. 
Fig. 8 shows the average electron velocity in the channel 

calculated from the DG and HDG models. The HDG 
model predicts larger electron velocity in the channel, 
which results in larger on-current. The figure also shows 
the velocity overshoot effect in the drain side of the 
channel. 
 

V. CONCLUSION 
 

We obtained the HDG model from the quantum 
moment equations. The obtained equations are similar to 
the conventional HD model except for the quantum 
potential term. Our model can be viewed as a 
hydrodynamic extension of the DG model and it returns 
to the HD model in the classical limit and the DG model 
in thermal equilibrium. We introduced the nonlinear 

discretization scheme that can reduce the discretization 
error and improved the boundary condition for the 

Si/SiO2 interface by including penetration of 
wavefunction into the oxide.  We applied our model to the 
25 nm NMOSFET device, which is close to the limit of 
the bulk MOSFET. The simulation results show that the 

quantum effect and the non-local transport effect can 
change the device characteristics about 20-30 %. 
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